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1. Introduction 

This paper is concerned with the regularity properties of boundaries J\f^ (p) = 
dl^{p) of pasts (future) of points in a 3 + 1 Lorentzian manifold (M, g). The past 
of a point p, denoted T~ (p) , is the collection of points that can be reached by a past 
directed time-like curve from p. As it is well known the past boundaries J\f~{p) 
play a crucial role in understanding the causal structure of Lorentzian manifolds 
and the propagation properties of linear and nonlinear waves, e.g. in flat space-time 
the null cone Af^ (p) is exactly the propagation set of solutions to the standard wave 
equation with a Dirac measure source point at p. However these past boundaries 
fail, in general, to be smooth even in a smooth, curved, lorentzian space-time; one 
can only guarantee that J\f~(p) is a Lipschitz, achronal, 3-dimensional manifold 
without boundary ruled by inextendible null geodesies from p, see [HE]. In fact 
N~{p) \ {p} is smooth in a small neighborhood of p but fails to be so in the 
large because of conjugate points, resulting in formation of caustics, or because 
of intersections of distinct null geodesies from p. Providing a lower bound for the 
radius of injectivity of the sets Af~{p) is thus an essential step in understanding 
the more refined properties of solutions to linear and nonlinear wave equations a 
Lorentzian background. 

The phenomenon described above is also present in Riemannian geometry in con- 
nection to geodesic coordinates relative to a point, yet in that case the presence of 
conjugate or cut-locus points has nothing to do with the regularity of the manifold 
itself. In that sense lower bounds for the radius of injectivity of a Riemannian 
manifold are important only in so far as geodesic normal coordinates, and their 
applications'^, are concerned. Thus, for example, lower bounds for the radius of 
injectivity can sometimes be replaced by lower bounds for the harmonic radius, 
which plays an important role in Cheeger-Gromov theory, see e.g. [A2]. 

In this paper we investigate regularity of past boundaries Af^ (p) in Einstein vacuum 
space-times, i.e., Lorentzian manifolds (M,g) with the Ricci flat metric, Tiapig) — 
0. We provide conditions on an Einstein vacuum space-time (M,g), compatible 
with bounded curvature, which are sufficient to ensure the local non-degeneracy 
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of M~{p). More precisely we provide a uniform lower bound on the radius of 
injectivity of the null boundaries {p) of the causal past sets J~{p) in terms 
of the Riemann curvature flux on M~ (p) and some other natural assumptions^ on 
(M,g). Such lower bounds are essential in understanding the causal structure and 
the related propagation properties of solutions to the Einstein equations. They 
are particularly important in construction of an effective Kirchoff-Sobolev type 
parametrix for solutions of wave equations on M, see [KR4]. Such parametrices 
are used in [KR5] to prove a large data break-down criterion for solutions of the 
Einstein-vacuum equations. 

This work complements our series of papers [KR1]-[KR3]. The methods of [KRl]- 
[KR3] can be adapted^ to prove lower bounds on the geodesic radius of conjugacy 
of the congruence of past null geodesies from p which depends only on the geodesic 
(reduced) flux of curvature, i.e. an Li^ integral norm along (p) of tangential com- 
ponents of the Riemann curvature tensor R = R(g), see section 5.5 for a precise 
definition. It is however possible that the radius of conjugacy of the null congru- 
ence is bounded from below and yet there are past null geodesies form a point p 
intersecting again at points arbitrarily close to p. Indeed, this can happen on a flat 
Lorentzian manifold such as M = x M where is the torus obtained by identi- 
fying the opposite sides of a lattice of period L and metric induced by the standard 
Minkowski metric. Clearly there can be no conjugate points for the congruence of 
past or future null geodesies from a point and yet there are plenty of distinct null 
geodesies from a point p in M which intersect on a time scale proportional to L. 
There can be thus no lower bounds on the null radius of injectivity expressed only 
in terms of bounds for the curvature tensor R. This problem occurs, of course, also 
in Riemannian geometry where we can control the radius of conjugacy in terms 
of uniform bounds for the curvature tensor, yet, in order to control the radius of 
injectivity we need to make other geometric assumptions such as, in the case of 
compact Riemannian manifolds, lower bounds on volume and upper bounds for its 
diameter. It should thus come as no surprise that we also need, in addition to 
bounds for the curvature flux, other assumptions on the geometry of solutions to 
the Einstein equations in order to ensure control on the null cut-locus of points in 
M and obtain lower bounds for the null radius of injectivity. 

In this paper we give sufHcient conditions, expressed relative to a space-like foli- 
ation St given by the level surfaces of a regular time function t with unit future 
normal T. We discuss two related results. Both are based on a space-time as- 
sumption on the uniform boundedness of the deformation tensor ^'^V = CtS and 
boundedness of the L"^ norm of the curvature tensor on a fixed slice Eq = of 
the foliation. Standard energy estimates, based on the Bel-Robinson tensor, allows 
to get a uniform control on the norm of the curvature tensor on all slices. In the 
first result we also assume that every point of the space-time admits a sufficiently 
large coordinate patch with a system of coordinates in which the Lorentz metric g 
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is close to a flat Minkowski metric. In the second result we dispense of the latter 
condition by showing how such coordinates can be constructed, dynamically, from 
a given coordinate system on the initial slice Eq. Though the second result (Main 
Theorem II), is more appropriate for applications, the main new ideas of the paper 
appear in section 2 related to the proof of the first result (Main Theorem I). 

The energy estimates mentioned above also provide uniform control on the geodesic 
(reduced) curvature flux along the null boundaries M~{p) and thus, according to 
[KR1]-[KR3], give control on the radius of conjugacy of the corresponding null con- 
gruence. There is however an important subtlety involved here. Past points of 
intersection, distinct null geodesies from p are no longer on the boundary of J~{p) 
and therefore the energy estimates mentioned above do not apply. Consequently we 
cannot simply apply the results [KR1]-[KR3] and estimate the null radius of con- 
jugacy independent of the cut-locus, but have to treat them together by a delicate 
boot-strap argument. The main new ideas of this paper concern estimates for the 
cut locus, i.e. establishing lower bounds, with respect to the time parameter t, for 
the points of intersection of distinct past null geodesies from p. Though our results, 
as formulated, hold only for Einstein vacuum manifolds our method of proof in 
section 2 can be extended to general Lorentzian manifolds if we make, in addition 
to the assumptions mentioned above, uniform norm assumptions for the curvature 
tensor R. Our results seem to be new even in this vastly simplified case, indeed we 
are not aware of any non-trivial results concerning the null radius of injectivity for 
Lorentzian manifolds. 

We now want to make a comparison with the corresponding picture in Riemannian 
geometry. In general, all known lower bounds on the radius of injectivity require 
some pointwise control of the curvature. The gold standard in this regard is a 
theorem of Cheeger providing a lower bound on the radius of injectivity in terms 
of pointwise bounds on the sectional curvature and diameter, and a lower bound 
on the volume of a compact manifold, see [Ch]. Similar to our case, the problem 
in Riemannian geometry splits into a lower bound on the radius of conjugacy and 
an estimate on the length of the shortest geodesic loop. The radius of conjugacy 
is intimately tied to point-wise bounds on curvature, via the Jacobi equation. The 
estimate for the length of the shortest geodesic loop relied, traditionally, on the To- 
ponogov's Theorem, which again needs pointwise bounds on the curvature. These 
two problems can be naturally separated in Riemannian geometry'' and while the 
radius of conjugacy requires pointwise assumptions on curvature, a lower bound on 
the length of the shortest geodesic can be given under weaker, integral, assumptions 
on curvature. The best result in the latter direction, to our knowledge, is due to 
Petersen-Stcingold-Wei, which in addition to the usual diameter and volume condi- 
tions on an n-dimensional compact manifold, requires smallness of the L^'-norm of 
sectional curvature, for p > n—1, [PSW]. Once more, we want to re-emphasize the 
fact that in Riemannian geometry lower bounds on the radius of injectivity require 
pointwise bounds for the curvature, yet this restriction can be often overcome in 
applications by replacing it with bounds for more flexible geometric quantities. A 
case in point is the Anderson- Cheeger result [AC] which proves a finiteness theo- 
rem under pointwise assumptions on the Ricci curvature and bounds on the 
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full Riemann curvature tensor. Unlike the classical result of Cheeger, see [Ch], the 
radius of injectivity need not, and cannot in general, be estimated. 

We should note that the works in Riemannian geometry, cited above, have been 
largely stimulated by applications to the Cheeger-Gromov theory. Applications of 
this theory to General Relativity have been pioneered by M. Anderson, [A2] and 
[A3], see also [KR5] for further applications. M. Anderson has, in particular, been 
intcrcstcid in the possibility of transferring some aspects of Cheeger-Gromov theory 
to the Lorentzian setting. With this in mind he has proved existence of a special 
space-time coordinate system for Einstein vacuum space-times, under pointwise 
assumptions on the space-time Riemann curvature tensor, see [Al]. Another exam- 
ple of a global Riemannian geometric which has been successfully transplanted to 
Lorentzian setting is Galloway's null splitting theorem, see [G] . 

We note that, in the Riemannian setting, the radius of injectivity and shortest 
geodesic loop estimates depend crucially on lower bounds for the volume of the 
manifold, as confirmed by the example of a thin flat torus. By contrast, the notion 
of volume of a null hypersurface in Lorentzian geometry is not well-defined, as the 
restriction of the space-time metric to a null hypersurface is degenerate. We are 
forc;c;d to replace the condition on the volume of Af~ (p) with the condition on the 
volume of the 3-dimensional domain obtained by intersecting the causal past of p 
with the level hypersurfaces of a time function t. To be more precise our assumption 
on existence of a coordinate system in which the metric g is close to the Minkowski 
metric will allow us to prove that the volume of these domains, at time t < t{p), 
are close to the volume of the Euclidean ball of radius t{p) — t, where t{p) denotes 
the value of the parameter t at p. Another ingredient of our proof is an argument 
showing that, at the first time of intersection q, past null geodesies from a point 
p meet each other at angle tt, viewed with respect to the tangent space of the 
space-like hypersurface t = t{q). We also show that we can find a point p, such 
that the above property holds both at p and the first intersection point q. Finally, 
we give a geometric comparison argument showing that an existence of a pair of 
null geodesies from a point p meeting each other at angle tt both at p and at the 
point of first intersection violates the structure of the past set J~{p), if the time 
of intersection is too close to the value t{p). 

2. Main results 

We consider a space-time (M, g) verifying the Einstein -vacuum equations, 

R^p = 0. (1) 

and assume that a part of space-time A^/ C M is foliated by the level hypersurfaces 
of a time function t, monotonically increasing towards future in the interval / C K. 
Without loss of generality we shall assume that the length of /, verifies, 

1^1 >1- 

Let So be a fixed leaf of the t foliation. Starting with a local coordinates chart 
U cT,o and coordinates (x^,x^, x'^) we parametrize the domain I x U C Mi with 
transported coordinates {t, ) obtained by following the integral curves of 
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T, the future unit normal to Sf. The space-time metric g on / x [/ then takes the 
form 

g = -n'^dt^ + gijdx'dx\ (2) 

where n is the lapse function of the t foliation and g is the restriction of the metric 
g to the surfaces of constant t. We shall assume that the space-time region A4i 
is globally hyperbolic, i.e. every causal curve from a point p G Aii intersects Eq at 
precisely one point. 

The second fundamental form of St is defined by, 

k{X,Y)=E{T>xT,Y), VX,FeT(St), 
with D the Levi-Civita covariant derivative. Observe that, 

dtQij = -^nkij. (3) 

We denote by trfc the trace of k relative to g, i.e. irk = g^^kij. We also assume the 
surfaces are either compact or asymptotically flat. 

Given a unit time-like normal T we can define a pointwise norm |n(p)| of any 
space-time tensor 11 with the help of the decomposition 

X = X^T + X, XgTM, X^TUt 

The norm |n(p)| is then defined relative to the Riemannian metric, 

g(X,F)=XO-FO+ff(X,y). (4) 

We denote by ||n(f)||i:,p the L'p norm of 11 on S^. More precisely, 

with dvg the volume element of the metric g of S^. 

Let = JCtE be the deformation tensor of T. The components of ^'^V are 

given by 

(■^Voo = 0, ('^Voi = Vi log n, ('^Vij- = -2kij 



2.1. Main assumptions. We make the space-time assumption, 

iVo"! < n < ATo (5) 
|7| •sup||7r(t)||Loo < /Co<oo. (6) 

where A'o, /Co > are given numbers and |/| denotes the length of the time interval 
/ C K. We also make the following assumptions on the initial hypersurface So, 

II. There exists a covering of Sq by charts U such that for any fixed chart, the 
induced metric g verifies 

< 9^A^)^^£,l < /olCP, V.T e U (7) 

with Iq a fixed positive number. Moreover there exists a number po > such that 
every point y e So admits a neighborhood B, included in a neighborhood chart 
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[/, such that B is precisely the Euclidean ball B — BpJ (y) relative to the local 
coordinates in U. 

12. The Ricci curvature of the initial slice Sq verifies, 

||R||l2(So) <7^o < oo. (8) 

Remeirk. If Sq is compact the existence of po > is guaranteed by the existence 
of the coordinates charts U verifying (7). More precisely we have: 

Lemma 2.2. // Sq is compact and has a system of coordinate charts U verifying 
(7), there must exist a number po > such that every point y G Sq admits a 
neighborhood B, included in a neighborhood chart U, such that B is precisely the 
Euclidean hall B = Bpf{y) relative to the local coordinates in U. 

Proof : According to our assumption every point a; € Eq belongs to a coordinate 
patch U. Let r{x) > be such that the euclidean ball, with respect to the coordi- 
nates of U, centered at x of radius r{x) is included in U. Due to compactness of 
So we can find a finite number of points Xi, . . .xj^ such that the balls B^^^i^{xj), 
with rj — r{xj) for j — 1, . . . , N , cover Sq. Thus any y e So must belong to a ball 
Blf^^ixj) C Bif{xj) C U, for some U. Therefore the ball B'f^^^iy) c U. We then 
choose Po = miiijLi fj/'^- ■ 



2.3. Null boundaries of J'~ {p). Starting with any point p S M.i C M, we denote 
by J~ {p) the causal past of p, by I~ [p) its interior and by 7V^~ (p) its null boundary 
all restricted to the region Mi under consideration. 

In general 7V~ (p) is an achronal, Lipschitz hypcrsurface, ruled by the set of past 
null geodesies from p. We parametrize these geodesies with respect to the future, 
unit, time-like vector Tp. Then, for every direction lo £ with denoting the 
standard sphere in 'E? , consider the null vector in TpM, 

g(^^,Tp) = l, (9) 

and associate to it the past null geodesic 7a; (s) with initial data 7a; (0) = p and 
7a;(0) = tu)- We further define a null vectorfield L on M~{p) according to 

L(7a;(s)) = 7a;(s)- 

L may only be smooth almost everywhere on 7V~ (p) and can be multi- valued on 
a set of exceptional points. We can choose the parameter s in such a way so that 
L = 7a; (s) is geodesic and L(s) = 1. 

For a sufficiently small 5 > the exponential map Q defined by, 

g-. {s,oj)^^^{s) (10) 

is a diffeomorphism from [0,5) x §^ to its image in J\f~(p). Moreover for each 
w G §^ either 7a, (s) can be continued for all positive values of s or there exists a 
value s,(ti)) beyond which the points 7a>(s) are no longer on the boimdary J\f~{p) 
of J~{p) but rather in its interior, see [IfE]. We call such points terminal points 
oi J\f~{p). We say that a terminal point q = 7a; (s*) is a conjugate terminal point 
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if the map G is singular at (s*,w). A terminal point q = 7u;(s*) is said to be a cut 
locus terminal point if the map G is nonsingular at (s*, w) and there exists another 
null geodesic from p, passing through q. 

Thus J\f~ (p) is a smooth manifold at all points except the vertex p and the terminal 
points of its past null geodesic generators. We denote by T~{p) the set of all 
terminal points and by M~ (p) = 7V~ (p) \ T~ (p) the smooth portion of J\f^ (p) . 
The set G~^{T~{p)) has measure zero relative to the standard measure dsdag2 
of the cone [0, oo) x We will denote by (i^^-(p-) the corresponding measure 
on J\f~ (p) . Observe that the definition is not intrinsic, it depends in fact on the 
normalization condition (9). 

Definition 2.4. We define i*{p) to be the supremum over all the values s > for 

which the exponential map G '■ {s,^') ^ 7tj('S) is a global diffcomorphism. We shall 
refer to i*{p) as the null radius of injectivity at p relative to the geodesic foliation 
defined by (9). 



Remark. Unlike in Riemannian geometry where the radius of injectivity is de- 
fined with respect to the distance function, the definition above depends on the 
normalization (9). 

Definition 2.5. We denote by ^* (p) the smallest value of s for which there exist two 
distinct null geodesies j^.^ (s), ^'^^^ (■s) from p which intersect at a point for which the 
corresponding value (smallest for and 71^,3) of the afRne parameter is s = i*{p). 

Definition 2.6. Let s,(p) denote the supremum over all values of s > such that 
the exponential map is a local diffcomorphism on [0, s) x . We shall refer to 
s* (p) as the null radius of conjugacy of the point p. 



Clearly, 

u(p) = min(Z*(p), s*(p)) (11) 

The first goal of this paper is to prove the following theorem concerning a lower 
bound for the radius of injectivity i*of a space-time region Mi, under the following 
assumption: 

Assumption C. Every point p £ Mi admits a coordinate neighborhood Ip x Up 
such that Up contains a geodesic ball Brg (p) and 

sup \t-t'\ > ro. (12) 
t,t'eip 

We assume that on Ip x Up there exists a system of transported coordinates (2) 
close to the flat Minkowski metric —n(pYdt^ + Sijdx^dx^ . More precisely, 

\n{t,x)-n(p)\<e (13) 



\gij{t,x) - 5ij \ < e 
where n{p) denotes the value of the lapse n at p. 



(14) 
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Theorem 2.7 (Main Theorem I). Assume that Adi is globally hyperbolic and ver- 
ifies the main assumptions (5), (6), (8) as well as assumption C above. We also 
assume that Mi contains a future, compact set V c Mi such that there exists a 
positive constant 5o for any point q gV^ we have (g) > 6o . 

Then, for sufficiently small e > 0, there exists a positive number > 0, depending 
only on So,ro, Nq, /Cq and TZq, such that, for all p G Mi, 

i»{p) > i* (15) 

Assumption C of theorem 2.7 can in fact be eliminated according to the following. 

Theorem 2.8 ( Main Theorem II). Assume that Mi is globally hyperbolic and 
verifies the assumptions (5), (6) as well as the initial assumptions II and 12. As- 
sume also that Mi contains a future, compact set V c Mi such that £*{q) > So 
for any point q G V, for some 6o > 0. 

There exists a positive number > 0, depending only on lo^iio, 5o, Nq, /Cq and 
TZo, such that, for all p € Mi, 

it.{p) > i* (16) 

Remark. Observe that the last assumption of both theorems, concerning a lower 
bound for outside a sufficiently large future compact set, is superfluous on a 

manifold with compact initial slice'"' Sq. Thus, for manifolds Mi = I x Sq, with 
So compact i« depends only on the constants Io,No, ICq and TZq. 

The first key step in the proof of the Main Theorem is a lower bound on the radius 

of conjugacy s^,(p). 

Theorem 2.9. There exists a sufficiently small constant (5* > 0, depending only 
on /Co and TZo such that, for any p G Mi we must have, 

s*(p) > min(4(p),4). 

The proof of Theorem 2.9 crucially relies on the results obtained in [KR1]-[KR3]^. 
The discussion of these results and their reduction to Theorem 2.9 will be discussed 
in Section 5. 

2.10. Connection to t-foliation. We reinterpret the result of theorem 2.9 relative 
to the foliation. For this we first make the following definition. 

Definition 2.11. Given p e Mi we define i*{p, t) to be the supremum over all the 
values t{p) — t for which the exponential map 

g ■.{t,u,)^'y^{t)='y^{s{t)) 

is a global diffeomorphism. We shall refer to 2*(p, t) as the mill radius of injcctivity 
at p relative to the t-foliation. We denote by £^(p,t) the supremum over all the 

similar statement can be made if Sq is asymptotically flat, 
''and an extension in Q. Wang's thesis, Princeton University, 2006. 
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values t(p) —t,t< t{p), for which there exist two distinct null geodesies 70^1, 7aj2) 
from p which intersect at a point on St. Similarly, we let s*(p, t) be the supremum 
of t{p) — t for which the exponential map Q{t,co) is a local diffeomorphism. 

The results leading up to the proof of Theorem 2.9 also imply the following 

Theorem 2.12. There exists a sufficiently small constant (5* > 0, depending only 
on No, /Co and TZq such that, for any p £ A4i we must have, 

s*{p,t) > m.m{i:^{p,t),St:). 

Furthermore, for < t(p) —t< min(i'»(p, t), (5*) the foliation St = Cl Af~ (p) 
is smooth. For these values oft the metrics at on S^, obtained by restricting the 
metric gt on to St and then pulling it back to by the exponential map Q{t, ■), 
and the the null lapse ip~^ = g(L, T) satisfy 

|<^-l|<e, \at{X,X)-aoiX,X)\<eatiX,X), VX G TS^ 

where ctq is the standard metric on §^ and e > is a sufficiently small constant 
dependent on 

Finally, there exists a universal constant c > such that 

i*{p) > c min(f*(p, f), (5*). 

We assume for the moment the conclusions of Theorem 2.12 and proceed with the 
proof of Main Theorem I. 

3. Proof of theorem I 

According to Theorem 2.12 the desired conclusion of Main Theorem I will follow 

after finding a small constant 5^ dependent only on S(),rQ, Nq,TZo and ICq with 
the property that i*{p,t) > (5*. We fix (5*, to be chosen later, and assume that 
{p, t) < (5* . Recall that gt and at denote the restrictions of the space-time metric 
g to respectively St and 5t, while (To is the push- forward of the standard metric on 
by the exponential map G{t,-)- The latter is clearly well-defined for the values 
t{p)-L{p,t)<t<t{p). 

We now record three statements consistent with the assumptions of the Main The- 
orem and conclusions of Theorem 2.12. 

Al. There exists a constant cj^ = cj^{p) > i*{p,t) such that M~{p) has no 
conjugate terminal points in the time slab [t{p) — cj^, t{p)\. 

A2. The metric at remains close to the metric ao, i.e. given any vector X in TSt 
we have, 

\at{X,X)-ao{X,X)\<eat{X,X) (17) 
uniformly for all t{p) — i*{p, t) <t < t{p). The null lapse = g(L, T) also verifies, 

|^-l|<e (18) 
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A3. There exists a neighborhood O = Ip x Up oi p and a system of coordinates 
x" with x° = t, the time function introduced above, relative to which the metric g 
is close to the Minkowski metric m(p) = —n{p)^dt'^ + Sijdx^dx^ , 

\gad - map{p)\ < e (19) 

uniformly at all points in O. The set Up contains the geodesic ball i?ro(p) a-nd 
supj (/g/^ \t—t'\ > ro- We may assume that vq » In particular, -Bt,2(t(p)-t) C O 
for any t e [t{p) — ro/3,t(p)], where Bt^a denotes the Euclidean ball of radius a 
centered around the point on St with the same coordinates x = {x^,x'^,x^) as the 
point p. 

A4. The space-time region Mi = UtgiSj contains a future, compact set V C Aii 
such that there exists a positive constant So with the property that, for any point 
q e V, we have i*{q,t) > 5o- 

Remark 1. As a first consequence of Al we infer that there must exist a largest 
value oi t > t{p) — c^v with the property that two distinct null geodesies originating 
at p intersect at time t. Indeed let to > t{p) — cj^ be the supremum of such values'' of 
t and let {qk,^k,lk) be a sequence of points qt £ A/"^ (p) and distinct null geodesies 
Afe, 7fefrom p intersecting at qk, with increasing t{qk) > t{p) — cj^. By compactness 
we may assume that qk ^ q & St, t{qk) t = t{q) = to and — > A, 7fc — > 7, 
with both A, 7 null geodesies passing through p and q. We claim that 7 ^ A and 
that g is a cut locus terminal point of Af~{p). Indeed if 7 = A then for a sequence 
of positive constants < eo — » we could find an increasing sequence of indices k 
such that for null geodesies 7^, A/t we have that 

g(7fc(0),Afe(0)) = eo, 7fc(t(Q'fe)) = Afe(t(gfe)), t{qk) > t{p) - ■ 

This leads to a contradiction, as by assumption the exponential map Q{t, ■) is a 
local diflFeomorphism for all t> t{p) — cj^. 

Remeirk 2. As consequence of A2 we infer that, for alH > f — cjv, the distances 
on St corresponding to the metrics ut and ctq are comparable, 

{l-e)do{quq2)<da{qi,q2)<{l+e)do{,qi,q2) ^qi,q2&St (20) 
or, equivalcntly, 

{l+e)~^da{qi,q2) < do{qi,q2) < (1 - e)~^daiqi,q2) Vgi,g2 G St 

(21) 

Remeirk 3. Similarly, as a consequence of A3 the distances on n O corre- 
sponding to the induced metric g and the euclidean metric e are also comparable, 

{l-e)de{qi,q2) <dg{qi,q2) <{l + e)de{qi,q2), Vgi, ^2 e S( n O, t G Ip 

(22) 

Observe also that, since a is the metric induced by g on St, 

dg{qi,q2) <da{qi,q2), ^ qi,q2 & St, t{p) - l,{p) < t <t(p) (23) 

Remark 4. In what follows we will assume, without loss of generality, that t{p) = 
and the x = {x^,x'^,x^) coordinates of p are a; = 0. Without loss of generality we 

■^Note that to = t{p) - ^«(p,t) > tip) - S,. 
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may also assume that n{p) = 1. Indeed if n{p) ^ we can rescale the time variable 
t = T/n{p) such that relative to the new time we have g = — „(^)2 dr^ + gijdx^dx^ . 
Once wc find a convenient value for S'^ such that no distinct past null geodesies 
from p intersect for values of |t| < we find the desired dt, = 6'^ ■ n{p) > S'^Nq^. 

According to Remark 1 wc can find a largest value of time < t{p) where two 
distinct null geodesies from p intersect, say at point q with t{q) = t*. Our next 
result will imply that at q the angle between projections^ of 71 (f*) and 72 (t*) onto 
TqJlt^ is precisely tt. 

Lemma 3.1. Let = t^,{p) < be the largest^ value oft sueh that that there 
exist two distinct past directed null geodesies 71 , 72 from p intersecting at q with 
t{q) = t*. Assume also that the exponential map Q = {t,uj) 7^(0 global 
diffeomorphism from x to its image onAf^{p) and a local diffeomor- 

phism in a neighborhood of q. Then, at q, the projections o/7i(t*) and 72 (t*) onto 
TgYit^ belong to the same line and point in the opposite directions. 

Remeirk 5. Similar statement also holds for future directed null geodesies. 

Proof : The distinct null geodesies 71, 72 can be identified with the null geodesies 
7wi)7w2 with wi ^ UI2 € two distinct directions in the tangent space Tp A4. 

By assumptions 7a,i(t*) = 7w2(**) = 9 and there exist disjoint neighborhoods Vi 
of {t^,,LUi) and V2 of (i*,cj2) in R x such that the restrictions of Q to Vi, V2 
are both diffeomorphisms. We can choose both neighborhoods to be of the form 
Vi = (i* - e,i* + e) x Wi with e Wj for i = 1,2. Let Qt{oj) = G{t,u)) and 
define St,i = GtiWi),i — 1,2. They arc both pieces of embedded 2-surfaccs in Ef, 
t £ {t^ — Co, tt, + eo) for some eo > and, as the exponential map Q{t, ■) is assumed 
to be a global diffeomorphism for any t> t*,, they are disjoint for all t > t^,. 

For t = tt, the surfaces St,,i intersect at the point q. We claim that the tangent 
spaces of Tq{St,^i) and Tq{St,,2) must coincide in rg(S*). Otherwise, since Tq{St,,\) 
and Tq{St,.2) arc two dimensional hypcrplancs in a three dimensional space TqT,t,, 
they intersect transversally and by an implicit function we conclude that the sur- 
faces St,,i also intersect transversally at q. The latter is impossible, as St,i,St,2 are 
continuous families of 2-surfaces disjoint for all t > tt,. 



The following lemma is a consequence of A3 and the normalization made in Remark 
4. Recall that I~{p) denotes the causal past of point p, i.e., it consists of all points 
which can be reached by continuous, past time-like curves from p, and Af~ (p) is 
the boundary of I~{p). 

Lemma 3.2. Lett S [— ro/3,0] and and let pt be the point on Yit which has the same 
coordinates x — (x^, x'^, x^) = as p. Let Bt^r = B(pt, r) C S( be the euclidean ball 

^defined relative to the decomposition X = — Jf^T + X, where X G TqEt^ . 
®We assume that such a point exists. 



12 



SERGIU KLAINERMAN AND IGOR RODNIANSKI 



centered at pi of radius r and B'f. its complement in Et . Then, 

Bt,(i_3e)K| C n Et, i3r,(i+3,),t| n U AA-(p)) = 0. (24) 

Proof . According to Remark 4 p has coordinates t = 0,x = and n{p) = 1. 
Hence, according to (19), |n— 1| < e and \gij —6ij \ < e. The point pt has coordinates 
(i, 0), t > — ro/3. Let g £ Bt^i^i-2(.)\t\ of coordinate {t,y) and £(r) = (t, yj) be the 
straight segment connecting p with g. Thus, in view of (19), for sufficiently small 

g(i(T),£(T)) = m(i(r),i(T)) + (g-m)(i(T),£(T)) 

< (-l + f) + e(l + M!) = -l + e + (l + e)M! 

< -1 + e+ (l + e)(l-2e)^ = -2e+ 0(6)2 <0. 
Thus g can be reached by a time-like curve from p, therefore q G J~{p). 

On the other hand, if ^(r) = (r, a;(T)) is an arbitrary causal curve from p then, 
0>g(£(r),f(r)) = m(^(T),£(T)) + (g-m)(£(T),f(r)) 

> (-1 + lip) - 6(1 + lip) = -(1 + e) + (1 - 6)|ir 

Therefore |i| < < l + 2e + 0(e2) and thus, for sufficiently small e > 0, |a;(r)| < 
(1 + 3e)T. Consequently points q in the complement of the ball -Bf,(i+3e)f cannot 
be reached from p by a causal curve. ■ 

Corollary 3.3. Any continuous curve x{t) c between two points q\ G -Bt,(i-3e)|t| 
and q2 G r{i+3e)\t\ intersect N~{p) fl S^. 

Proof : This is an immediate consequence of proposition 3.2 and the fact that 
both T~{p) and {I^{p) yj M~ {p)Y are connected open, disjoint, sets. ■ 

Remark 6. Observe that the argument used in the proof of proposition 3.2 also 

shows the inclusion, 

AA-(p)nEt cSt,(i+3,)|t|nB,^(i_3,)|,|, -it: -ro/'6<t<0. (25) 
We are now ready prove the following. 

Proposition 3.4. Assume Al, A2,A3 satisfied and £^,{p,t) < (5* << tq. Then, 
no two null geodesies originating at p and also opposite^'^ at p can intersect in the 
slab [tip) -e,{p,t),t{p)). 

Remark. Modulo the assumption that the intersecting geodesies have to be op- 
posite at p, Proposition 3.4 gives the desired contradiction and implies the Main 
Theorem. Indeed, Remark 1. implies that if i*{p,t) < ^* then there exist two 
distinct null geodesies from p necessarily intersecting at time t{p) — i*{p,t), which 



i.e., two null geodesies 71,72 with the property that 71 (0) = 72(0) = p and the projeetions 
of the tangent vectors 71 (0), 72(0) to TpE^^pj belong to the same line and point in the opposite 
directions. 
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contradicts the above proposition. The extra assumption that the geodesies are 
opposite at p will be settled below by showing existence of a point p S Mi with the 
property that there exist two null geodesies from p intersecting precisely at time 
t{p) — i*{p, t), which are also opposite at p. 

Proof : Once again we set t{p) = x{p) = and n{p) = 1. We now argue by 
contradiction. Assume that there exist two opposite null geodesies 71 ^ 72 from p 
such that 'yi{t^,,uji) = 72 (t*, ^2), where is the first time of intersection of all such 
geodesies, with > —i^,{p,t). We choose the time to > t* such that the distance 
rfs(7i (^o,wi), 72(^0, W2)) < toe/2. Let qi = 71(^0,^1) and q2 = 72(^0,^2). Note 
that by our assumptions the exponential map Q{t, •) is a global diffeomorphism for 
all < t < to- Our assumption also implies that wi and u)2 represent antipodal 
points on 

We consider the set, 

O = {w e : ds2{co,u)2) < -^l = {w e §^ : d§2{co,Wi) > -^}- 
Then, in view of (20) and (23), the set Qto = Q{to,^) has the property that^^, 

dg{q2,q) < da{q2,q) < (1 + ^)do{q2,q) = (1 + ()\U)\^, G ^to- 

Thus, in view of dg{qi, (72) < e/2 and the triangle inequality, 

dg{q,,q)<{l + e)\to\j + ^to<j\to\{l+0{e)), Vg e fi*,. (26) 
Thus, taking into account (22), 

de{qi,q)<j^^dg{qi,q)<^\to\il + Oie)), VqeClt,. (27) 

On the other hand, from (20), since any point in the complement of flt^ in N~{p) n 
Stg lies in the image by Q of the complement of O C 

d„{qi,q) < {l + e)doiqi,q) < ^(l + e)|to|, Vg G (A^" (p) n J \ 17 

4 (28) 

Observe that, since qi e M~{p) fl S^^ and using (25), we have qi e -BtQ_(i_|_3g)|(Q| n 
^to (i-3e)|tor "^^^^ (^0)2/) are the coordinates of qi we must have 

1 - 3e < M < 1 + 3g. 

m 

Thus, for sufficiently small e > 0, the point (io,— (1 — 7e\to\)y) G -Bto.(i-3e)|to| 
while {to,-{l + 7e\to\)y) G B^^^^^^^^^^^^. Let ^(t) = - (l4er + (1 - 7e |io|)) • y, with 
T G [0, 1] and / the segment /(r) = (fo, ^(t)) . Observe that all points of / are within 
euclidcan distance 0{e \to\) from the point q°PP = {to, —y). Clearly, the extremities 
of / verify, /(O) G -BtQ^(i_35)|((,| and /(I) G B^^ (i+3e)|to|' reach a contradiction 
with Corollary 3.3 we will show that in / does not intersect Af~{p) n Sj,,. 



Recall that do denotes the distance function on St defined with respect to the metric ao 
obtained by pushing forward the standard metric on §^ by the exponential map S(t,-). 
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We first show that / n flto = 0. Indeed, if q G we have, from(27), 
de{qi,q) < J|io|(l + O(e)) < \to\ 

while, if g G /, 

de{qi,q) > \y\{2-7e\to\) > |to|(l - 3e)(2 - 7e |fo|) > |io| 

Now, assume by contradiction, the existence of g G 
Prom (28) we must infer that, 

daiquq) < — (l + e)|to|. 

On the other hand let x{t), t G [0, 1], be the cr-geodesic connecting qi and q in St^. 
Since Stg = M~{p) n Sj^ is contained in the set -Btg, (i+3£)|to| \ B^^ (^.g^ji^^i so is the 
entire curve x{t) for all < r < 1. Now observe that the euclidean distance of any 
curve which connects q and q°^^ while staying outside -Bto,(i-3e)|to| must be greater 
than 7r(l — 3e)|<o|- Since all points in I are within euclidean distance 0{e \to\) from 
q^PP we infer that 

/ |i;(T)|e(iT>7r|to|(l-0(e)). 
Jo 

This implies that, 

da{qi,q)= [ \x{T)\gdT>{l-e) [ \x{T)\edT > w\to\ {I - 0{e)) . 
Jo Jo 

which is a contradiction. Thus I does not intersect J\f~ (p) fl . 



The proof of proposition 3.4 depends on the fact that the intersecting null geodesies 
from p are opposite to each other in the tangent space rp(I]((p)). According to 
lemma 3.1 we know that, at the first time t when two past directed null geodesies 
7, A from p intersect at a point q, they must intersect opposite to each other. 
However the situation is not entirely symmetric, as there may exist another pair of 
future directed null geodesies 7', A' from q which intersect at a point pi with t{pi) 
strictly smaller than t{p). We can then repeat the procedure with p replaced by pi 
and with a new pair of null geodesies 71, A2 from pi intersecting at qi with t{qi) 
the smallest value of t such that any two null geodesies from pi intersect on Ef. 
Proceeding by induction we can construct a sequence of points pk, qk with t{pk) 
monotonically decreasing and t{qk) monotonically increasing, and sequence of pairs 
of distinct null geodesies 7^, Afc passing through both pk and qk- Our construction 
also insures that at qk the geodesies jk, ^k are opposite to each other. We would 
like to pass to limit and thus obtain two null geodesies which intersect each other 
at two distinct points. This procedure is behind the proof of the following 

Proposition 3.5. Assume that the region Mi verifies A4. Then, if there exist 

two distinct null geodesies Xq, 70 intersecting at two points po,qo such that < 
t{po) — t{qo) < Sit, then there must exist a pair of null geodesies A, 7 intersecting at 
points p, q with t(g'o) < t{q) < t{p) < t{po) which are opposite at both p and q 
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Proof : Let 



At := min t{p) - t{q) 



p.qeMi 



(29) 



such that there exists a pair of distinct past directed null geodesies originating at 
p and intersecting at q. By the assumption of the proposition At < 5*. On the 
other hand, for all points p G I^^, where the set T> is that of the condition A4, we 
have that i*{p,t) > Sq. Assuming, without loss of generality that J* < i5o, we see 
that it suffices to impose the restriction p gV in (29). Since V is compact and the 
manifold Aii is smooth we can conclude that At > 0. 

Let p„ e X> be a sequence of points such that lt{pn,t) — > At. Since for each pn 
with sufficiently large n we have £^ {pn ,t) < 5* we may assume, with the help of 
Theorem 2.12, that A1-A4 are satisfied for p„. 

Choosing a subsequence, if necessary, we can assume that Pn — > P- Wc claim 
that £.,{p,t) = At, i.e., there exists a pair of distinct past null geodesies from 
p intersecting at time t{p) — At, and that these geodesies are opposite to each 
other at p. First, to show existence of such gcodcisics we assume, by contradiction, 
that there exists an eg > such that no two distinct geodesies from p intersect at 
t > t{p)—At—C(). Since by assumption At < (5, wc may assume that (p) does not 
contain points conjugate to p in the slab (t{p) — At — eo- t{p))- This implies that the 
exponential map Gp{t, •) is a global diffeomorphism for all t G (t{p) — At — eg, t(p)). 
Smooth dependence of the exponential map Gq on the base point q implies that 
there exists a small neighborhood U oi p such that for any q <E U the exponential 
map Gq{t, •) is a global diffeomorphism for any t £ {t{p) — At — eo/2,t{pj). This 
however contradicts the existence of our sequence Pn ^ P since by construction 



Therefore we may assume that there exists a pair of null geodesies 71, 72, originating 
at p and intersecting at a point q with t{q) = t{p) — At = t{p) — ^*(p, t). By Lemma 
3.1 the geodesies 71 and 72 are opposite at q. We need to show that they are also 
opposite at p. Consider the boundary of the causal future of g - (g). It contains 
a pair of null geodesies, the same 71 and 72, intersecting at p. Thus, either t{p) is 
the first time of intersection among all distinct future directed null geodesies from 
q, in which case Remarks after Theorem 2.12 and Lemma 3.1 imply that 71 and 
72 are opposite at p, or there exists a pair of null geodesies from q intersecting at 
a point p' such that t{p') < t{p). But then t{p') — t{q) < At contradicting the 
definition of At. ■ 



We start with the following proposition. 

Proposition 4.1. Assume (5), (6) verified. Then, if the initial metric g on Sq 
verifies (7), there exists a large constant C = C{No,ICo) such that, relative to the 
induced transported coordinates in I x U we have, 



i*{Pn,t)^At. 



4. Proof of Main Theorem II 



C-'\Cf<gij{t,x)ee<C\^f 



(30) 
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Proof : We fix a coordinate chart U and consider the transported coordinates 
t,x^,x'^,x^ on I X U. Thus dtgij = —^nkij. Let X = X he a time-independent 
vector on M tangent to St. Then, 

dtg{X,X) = ~nk{X,X). 

Clearly, 

\nk{X,X)\<\nk\g\X\l<\\nk{t)\\L^\X\l 

with \k\l = g'^^g'^'katkcd and \X\l = X'X^gij = g{X, X). Therefore, since dt\X\l = 
dtg{X,X), 

-^-\\nk{t)U^\X\l < ml < ^\\nk{t)U^\X\l. 

Thus, 

from which (30) immediately follows. ■ 

Corollary 4.2. Let p € in a coordinate chart t/^ = Stn(/x U) with transported 
coordinates {t,x^,x^,x^). Denote by e the euclidean metric on Ut relative to the 
coordinates x = {x^,x'^,x^). Let Br'^^{p) c Ut be an euclidean ball of radius r 
centered at p. Then, for all p > Cr, with C = C{No, /Co) the constant of proposition 
4-1, the euclidean ball Br''\p) is included in the geodesic balls Bp{p), relative to the 
metric gt, 

B^/\p) C B,{p), p>Cr. 

Proof : Let q G Bi^\p) and 7 : [0, 1] B'f\p) be the hne segment between p 
and q. Clearly, in view of (30), 

diste{p,q)= / {e{^,i)Y dT>C-^ {gt{^{T)){^,^)YdT>C-^distg,{p,q). 
Jo Jo 

Thus for any q S Bi^\p) we have distg^{p,q) < Cdiste{p,q) < Cr. Therefore q 
belongs to the geodesic ball Bp{p) for any p > Cr, as desired. ■ 

The Corollary allows us to get a lower bound for the volume radius. We recall 
below the definition of volume radius on a general Riemannian manifold M. The 
Corollary allows us to get a lower bound for the volume radius. We recall below 
the definition of volume radius on a general Riemannian manifold M . 

Definition 4.3. The volume radius ry{p,p) at point p € M and scales < p is 
defined by, 

rvoi{p,P) = inf ^ — 

r<p r^ 

with \Br\ the volume of B^ relative to the metric g. The volume radius ryoi{M,p) 
of M on scales < p is the infimum of r yoi {p, p) over all points p&M. 
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Let po be the positive number of the initial assumption II. Thus every point p G 
St belongs to an euclidean ball Bpg'{p), relative to local transported coordinates. 

Let Br{p) be a geodesic ball around p. According to Corollary 4.2 for any a < 

min{/9, r/C} we must have b'^\p) C Br{p). Therefore, according to Proposition 
4.1, 

\Brip)L > \Bi'Hp)L = f VW\dx> C-'/'\Bi^Hp)\e > C-'/'a' 

This means that, for all r < Cp, 

\Br{p)\>C-^^^{r/Cf 

Thus, on scales p' < Cp, p < po we must have, ryoi{p, p') > C~^/^. Choosing 
p < Po such that Cp= 1 we deduce the following, 

Proposition 4.4. Under the assumptions II as well as (5), (6) there exists a 

sujficiently small constant v — v{Iq, po, Nq,}Cq) > 0, depending only on Iq,Pq, Nq, 
ICq, such that the volume radius of each Sf, for scales < 1, is bounded from below, 

rvoii^t, 1) > V- 

We rely on proposition 4.4 to prove the existence of good local space-time coordi- 
nates on Ail . The key to our construction is the following general result, based on 
Cheeger -Gromov convergence of Riemannian manifolds, see [A2] or Theorem 5.4. 
in [Pe]. 

Theorem 4.5. Given^^ A > 0, w > and e > there exists on > such that on 
any 3- dimensional, complete, Riemannian maniflod, {M,g) with ||-R||l2 < A and 
volume radius, at scales < 1 bounded from below by v, i.e., rvoi{M,l) > v, verifies 
the following property: 

Every geodesic ball Br{p), with p G M and r < ro admits a system of harmonic 
coordinates x = {x^^x^^x^) relative to which we have, 

{l + e)-Hii<gij < {l + e)5ii (31) 
r / \d'^gio?dVg < e (32) 

We apply this theorem for the family of complete Riemannian manifolds {Y,t,gt)teii 
for p = 2. According to proposition 4.4 wc have a uniform lower bound for the 
volume radius r^oK^t' l)- On the other hand we also have a uniform bound on the 
L'^ norm of the Ricci curvature tensor^^. Indeed, according to proposition 5.3 of 
the next section, there exists a constant C = C(iVo, JCq) such that, for any t G I, 

||R(i)|U2 < C{No,no)\mto)\\L- = CUo. 

Therefore, for any e > 0, there exists ro depending only on e, Iq, po, No,ICo, Rq such 
that on any geodesic ball, B^ C S^, r < ro, centered at a point pt e Sj, there 
exist local coordinates relative to which the metric gt verify conditions (31)-(32). 



An appropriate version of the theorem holds in every dimension N with an bound of the 
Riemann curvature tensor and p > N/2. 

^^which coincides with the full Riemann curvature tensor in three dimensions. 
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Starting with any such coordinate system x — {x^,x^,x^) we consider a cyhnder 
J X Br, with J = (t — S,t + 5)r\I and the associated transported coordinates {t, x) 
for which (2) holds, i.e. 

g = —v?dt^ + gijdx^dx^ , 

Integrating equation (3) and using assumptions (5), (6) we derive, for all t' € J 

and 6 sufficiently small, 

\gij{t',x)-gij{t,x)\ <2 / ||nfc(s)||Locds < 2iVo| J| sup ||A;(t)||ioo 

J J teJ 

< 2iVo|^/Co < e 

provided that 4^|/|~^iVo/Co < £• On the other hand, according to (31) we have for 
all X G Br, 

\gij{t,x) - 6ij \ < e 

Therefore, for sufficiently small interval J, whose size 26 depends only on Nq, JCq 
and e > 0, we have, for all {t',x) e J x Br, 

\gij{t',x)-6ij\<2e (33) 



On the other hand assumption (6) also provides us with a bound for dtlogn, i.e. 
/| • supjgj ll^t logn(t)||icx= < /Cq. Hence also, 

\ J\ sup \\dtn{t)\\L^ <N^'^^]Co 
teJ l-J] 

Therefore, with a similar choice of | J| = 26 we have, 

\n{t',x) -n{t,x)\ < 26No^^-rjTK:o < e. 

Now, let n{p) be the value of the lapse n the center p oi Br C Sj. Clearly, for all 
X e Br, 

\n{t,x)-nip)\ < r||Vn|Uoo(B^) < rN^^WV lognU^^^B^) < rN^^\I\-^ ■ JCo < e 
provided that rNQ^\I\-^ ■ ICq < e. Thus, for all {t',x) G J x Br, 

\n(t',x) -nip)\ <2e (34) 
This concludes the proof of the following. 

Proposition 4.6. Under assumptions 11, 12 as well as (5) and (6) the globally 
hyperbolic region of space-time Mi verifies assumption C. More precisely, for every 

e > there exists a constant ro, depending only on the fundamental constants 
po, Iq, Nq, ICo,TZo, such that every point p G A4i admits a coordinate neighborhood 
Ip X Up, with each Up containing a geodesic ball Br„{p) of radius ro, and a system 
of transported coordinates {t,x) such that, (12), (13) and (14) hold true. 



The proof of theorem 2.8 is now an immediate consequence of Theorem 2.7 and 
proposition 4.6. 
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5. Radius of conjugacy 



The remaining part of the paper will be devoted to the proof of Theorems 2.9 and 
2.12. As was mentioned before the key results on the radius of conjugacy were 
obtained" in [KR1]-[KR3] and here we will show how to deduce Theorems 2.9 and 
2.12 from these results. 

A lower bound on the radius of conjugacy in [KR1]-[KR3] is given by the following 
theorem. Let C^{p) denote the union of all past directed null geodesies from p. 
Clearly 7V~ {p) C (p). We can extend the null geodesic (potentially non-smooth) 
vectorfield L to [p) and define Sg^ = (p)n{s = sq} a two dimensional foliation 
of C~{p) by the level surfaces of the afBne parameter s (L(s) = 1). The conjugacy 
radii of JV~ {p) and C~ {p) coincide and 



Theorem 5.1. Let tu > be a sufficiently small universal constant and let Ti{p, s) 
denote the reduced curvature flux, associated with Us'KsSs, to be defined below. Then 
there exists a large constant such that if the radius of conjugacy s* {p) < zu then 



To deduce Theorems 2.9 and 2.12 from Theorem 5.1 it suffices to show that the 

reduced curvature flux TZ{p, s) < C for all values of s < min(£, (p), 5,), where 5, is 
allowed to depend on A^oj T^oj ^o- As we shall see below the reduced curvature flux 
itself is only well defined for the values of s < For s*(p) < min(^*(p), 5*) we 

will then show that for all s < we have the bound TZ{p, s) < C(Ao,7^0:^o) and 
thus by Theorem 5.1, in fact, s*(j3) > min(£*(p), (5*). In the latter case, we will also 
show that TZ{p,s) < C{No,TZo,}Co) for all s < min(^*(p), 5*). 

5.2. Basic definitions and inequalities. We start with a quick review of the 
Bel-Robinson tensor and the corresponding energy inequalities induced by T. The 
fully symmetric, traceless and divergence free Bel-Robinson tensor is given by 



The curvature tensor R can be decomposed into its electric and magnetic parts 

E, H as follows. 



E{X, Y) =< g(R(X, T)T, Y), H{X, Y) = g( *R{X, T)T, Y) (36) 



with *R the Hodge dual of R. One can easily check that E and H are tangent, 
traceless 2-tensors, to Et and that |R|^ = \E\^ + \H\^. We easily check the formulas 
relative to an orthonormal frame eo = T, ei, 62, 63, 



TV (p) n {Us<i,(p)Ss) = ^s<i,{p)Ss 



ti{p,s4p))>c, 



A iJ, 
■0 s 



(35) 




^abs Hgc^ 
^abs^cdt Est 




^abs^cdt Hst 



E. 



'sc 



(37) 



Observe that, 



Ql <4(|^p + |H|2) 



(38) 



An extension of these results to null hypersurfaces with a vertex is part of Q.Wang's thesis, 
Princeton University, 2006. 
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and, 

Qoooo - I^^P + l-ff I' (39) 
Let Pa = Q[R]a/37(5T^T'''T*. By a straightforward calculation, 

D"P„ = ^ (T)7r"''Q„0,,T^T^ (40) 

Therefore, integrating in a slab Mj = Utej'^t, J = [to,t] C /, we derive the 
folfowing. 

/ Qoooo = / Qoooo + ^ / / n ('^V"^Qc</3oo dvg (41) 

JUt -'So ^ Jto J'^ti 

with dVg denoting the volume element on S^. Now, 

\f [ nm7r"''Q„^oorf^,| < No f [ {^''Km^ + \H\^)dvg 

J to ^ ^ to J 

No f\\ (^)7r(Oik~(||i;(OIU= + ll^f(t')IU0rf*' 

J to 

Q{t) = [ Qoooo = / + \H\^)dVg, 

we deduce, 

Q{t) - Q{to) < No f Mt')\\LooQ{t')dt' 

J to 

and by Gronwall, 

Qit) < Q(io)exp( twoW (^V(t')lk-dtO 

J to 

Thus, in view of (6), 

Q{t)<Q{to)exp{NolCo) 
We have just proved the following. 

Proposition 5.3. Assum,e that the assuw.ptions (5) and (6) are true. There exists 
a constant C = C{No,JCo) such that, for any t G /, 

\\K{t)\\L2<C\\R{to)\\L^=CTlo. (42) 



< 

Thus, if we denote 



Instead of integrating (40) in the slab A^j we will now integrate it in the region 
Vj (P) = J'~ (p) DM- J whose boundary consists of the null part A/"" (p) and space- 
like part Do{p) = J~{p) n Sq. We recall that M~(p) is a Lipschitz manifold and 
the set of its terminal points T~ (p) has measure zero relative to dAj^- (p) . 

Let (P*) a/37 ~^ai3^n P^ and thc associated differential form, *P — {*P)aPfdx^dx^dx . 
We can rewrite equation (40) in the form, d*P = — *F, with {*F)ai3'yS =^ap-yS F, 
and, 

IT (T) "/^o T.7rp5 
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Integrating the last expression in the space-time region Vj [p) — J {p)C\Mj, with 
J = \tQ, t\,p& M.J, and applying Stokes theorem we derive, 

/ *F = - [ *P = J^p{^^-{p)nMJ)-En{Do{p)) (43) 

J-Djip) JN-(p)nMj 

where 

En(Do(p)) = - / / Q(T,T,T,T)d?;g (44) 

JDo{p) JDo{p) 

J'p{M-{p)nMj) = - f T> (45) 

Jj^-(p)nMj 

The energy integral (44) through Do{p) C Eo can clearly be bounded by ||R(fo)||L2. 
Moreover, in view of proposition 5.3 the integral jx>~{p) *^ ^^'^ bounded by 
C(/Co) • 7^o. Therefore, 

J'piN-ip) n Mj) < C(/Co) • 7^o (46) 

We recall that the null boundary J\f^{p) is a Lipschitz manifold. This means 
that every point p e M^^{p) has a local coordinate chart Up together with local 
coordinate — a;"(T, o;^, w'^) which arc Lipschitz continuous. The coordinates are 
such that for all fixed^^ uj = (uj^,uj'^) the curves t x°'{t,u}) are null and for any 
fixed value t the 2 dimensional surfaces Sr, given by = x°'{t,ll!), are space-like. 
In particular there is a well defined null normal = I" at all points of Up with the 
possible exception of a set of measure zero. Moreover we can choose our coordinate 
charts such that at each point where the normal / is defined we have g(/,T) > 0, 
i.e. / is past oriented. Observe that on such coordinate chart U wc have, 

[ *P = [ *Pc,fs-ydx"dx'^dx'' = [ g(P, l)dTdAr= [ Q{T,T, T,l)dTdAr 
Ju Ju Ju Ju 

with dAT the volume element of the space-like surfaces Sr- Since T is future time- 
like and I is null past directed we have Q(T, T, T, I) < 0. Consequently, for every 
coordinate chart U C M~{p), Tp{U) > 0, where 

T-{U) = -i *P (47) 
Ju 

Using a partition of unity it follows that J^p{U) > for any U C N~{p) and 
therefore Tp{Ui) < J^p{U2) whenever Ui C U2 C Af~{p). We can thus identify 
Tp{U) as the flux of curvature through U C JV^{p). 

Therefore we have the following: 

Proposition 5.4. Under assumptions (5), (6) and (8) the flux of curvatureAn MiCi 
N~{p), Tp{M.i) = J-'p{A4i nJ\f~{p)), can be bounded by a uniform constant 
independent of p. More precisely, 

rp{Mi)<C{No,Ko)-Tlo- 



The statements here are understood to be true with the possible exception of a set of measure 
zero relative to the measure dAj^- along M~ (p) introduced just before definition 2.4. 
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5.5. Reduced curvature flux. Let Ss be the 2 dimensional space-like surface of 
a constant affine parameter s, defined by the condition L(s) = 1 and s{p) = 0. 
Clearly for s < 5 < the union of Sg defines a regular foliation of 

At any point of AT" {p, 6)\{p} we can define a conjugate null vector L with g(L, L) = 
—2 and such that L is orthogonal to the leafs Sg- In addition we can choose (ea)a=i,2 
tangent Ss such that together with L and L we obtain a null frame, 

5(L,L) = -2, g(L,L)=g(L,L)=0, 

g(L,ea) = g(L,ea) = 0, g{ea,eb) = Sat- (48) 

Wo denote by (T the restriction of g to Ss- Endowed with this metric Ss is a 2 
dimensional compact riemannian manifold with 7(ea,e(,) = Sab- Let \Ss\ denotes 
the area of Sg and define r = r{s) by the formula 

47rr2 = \Ss\. (49) 

We say that a tensor n along ^f~{p) is Sg tangent, or simply S'-tangcnt, if, at every 
point of Af~ (p) it is orthogonal to both null vectors L and L. Given such a tensor, 
say TTab, we denote by |7r| its length relative to the metric 7, i.e. |7rp = ^^j^ iTTabP- 

We denote by V the restriction of D to Ss, Clearly, for all X,Y € T{Ss), 

VxY = T>xY+^<T>xY,L>L + ^<T>xY,L>L (50) 

Given an S— tangent tensor tt we define (Vltt) to be the projection to Ss of Dltt. 
We write Vtt = (Vtt, Vltt) and 

|V7r|2 = |Vi7r|2 + |V7r|2. 

We recall the definition of the null second fundamental form x, x, and torsion C 
associated to the Ss foliation. 

Xab = g(De„L, 66), X^b = S'(De<.L, Cfe) Ca = ig(DaL, L) (51) 

We also introduce, 

(^-1 =.g(T,L), Va=g(ea,T) (52) 
Observe that (f > with (f{p) = 1. Also 

| = -„-V-' (53) 

with n the lapse function of the t foliation. We now recall the standard null de- 
composition of the Riemann curvature tensor relative to the Ss foliation: 

aab = RLaLb, Pa = -^^al.IA., P = ^R-LLLL 

J*Rllll, 

We can write the flux along JV^{q, S), 6 < i*{q) as follows. 



Cr = 7*R.LLLL, /3 — TT-RaLLL, = R-LaLb (54) 

4 — " / 



Hp,^)= [ Q(T,T,T,L)=/ ds [ Q(T,T,T,L)dA 

Jj\r-(q,5) Jo JSs 
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Observe that dsdAg is precisely the measure dA j^- (p) . More generahy we shah use 
the following notation. 

Definition 5.6. Given a scalar function / on J\f~{p,6), 5 < i*{p) we denote its 
integral on M~ {p, 6) to be, 

/ f=[ds[ fdAs= [ f dA^-^p). 
Jj\r-{p,5) Jo Js, JM-{p,S) 

Or, relative to the normal coordinates (s, w) in the tangent space to p, 
I f= f{s,u!)^/\a{s,uJ)\dsdw 

JAr-ip,5) Jo J\ui\=l 

where \<j{s, oj)\ is the determinant of the components of the induced metric a on Sg 
relative to the coordinates s, w. 



To express the density Q(T, T, T, L) in terms of the null components a,(3,p,a,/3 
we need to relate T to the null frame L, L, Ca- To do this we first introduce another 
null frame attached to the t foliation. More precisely, at some point q G A/"" {p, 6) , 
we let St = St CiJV^{p) for t — t{p). We define L' to be the null pair conjugate 
to L relative to Si. More precisely g(L,L') = —2 and L' is orthogonal to St- We 
complete L, L' to a full null frame on St by 

= Ca - yiVaL 

We also have, 

L' = L-2(^Vaea + 2^2|V'|^L 

Now, 

T = -^((/jL + ^-iL') = -^</'L-i^-i(L-2^Vaea + 2^2|^|2L) 
Therefore, 

T = ^{-\-W)^-\'fi-^'L + ^^ea (55) 
which we rewrite in the form, 

T = To + X, To = -U.-h, (56) 

X = (-i((^-l)-v5|V|')L-^(^-i-l)L + V^,ea (57) 

Now, 

Q(T,T,T,L) = Q(To + X,To + X,To + X,L) =Q(To,ro,To,L) + Qr 
Qr = Q(X,To,To,L) + Q(X,X,To,L) + Q(X,X,X,L) 
By a straightforward calculation, 

Q(To,To,To,L) = I|a|2 + ^|/3|2 + ^(p2+a2)+l|^|2 

For 5 < i^{p) we introduce the reduced flux, or geodesic curvature flux, 

nP,S) = {f I {W? + W + \P? + + W)dA,dsf'^ (58) 
Jo JSs 
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On the other hand the following result can be easily seen from (57) . 

Lemma 5.7. Assume that the following estimates hold on N^{p,S), for some 
S < i*{p), 

|V?-1| + |V| < 10-^ (59) 

Then on J\f~{p,5), 

Q(T,T,T,L) > lQ(To,To,To,L)>i(H2 + |/3|2 + |p|2 + H2 + |^|2) 

Remark. We can guarantee the existence of such (5 > 0, as the initial conditions 
for Lp and are ip{p) = 1 and tp(p) =0. The challenge will be to extend estimate 
(59) to a larger region. 

As an application of proposition (5.4) and lemma 5.7 above we derive, 

Corollary 5.8. Letp £ A4j and assume that the estimate (59) holds on Af~{p,5) 
for some S < i*{p). Then the reduced curvature flux TZ{p, S) can be bounded from 
above by a constant which depends only on Nq, K,q and the initial data TZq. 

In view of Theorem 5.1 and Corollary 5.8 to finish the proof of Theorem 2.9 we 
need to show that there exists a constant = d^,{No, /Co, T^o) such that the bounds 
(59) can be extended to all values values of s < min(5*,z*(p)). 

We first state a theorem which is an extension of Theorem 5.1 and another conse- 
quence of the results proved in [KR1]-[KR3]. We will then show simultaneously that 
for all values of s < min((5*, u(p)) the reduced curvature flux TZ{p, s) < C{TZo, JCq) 
and the estimates (59) hold true. 

Theorem 5.9. Letp € A4i fixed and assume that the reduced curvature flux verifies 
T^ip^^) ^ C for some 5 < i*{p) and a positive constant C. Let cq > 6e a fixed 
small constant. Then for all s < min(tx7, S), where w is a small constant dependent 
only on eo and C, we have 

\trx--\<so, [ \x\''ds'<eo. (60) 
s Jo 

5.10. Bounds for and tp. The proof of the bounds for the reduced curvature 
flux and and tjj depends, in addition to the results stated in Theorem 5.9 and 
Corollary 5.8 on the following, 

Proposition 5.11. Let be a small constant dependent only on iVo,/Co,7^o- As- 
sume that trx and x verify (60) for all < s < 6 < min(5*, «*(p)). Assume also 
that the condition (59) holds true for < s < S and let cq < 10~^ in Theorem 5.9. 
Then the following better estimate holds for allO < s < S, 

|^-1| + |V| < 10-3. 

Remark. The above proposition. Corollary 5.8 and a simple continuity argument 
allow us to get the desired conclusion that the reduced curvature flux TZ{p, 6) is 
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bounded by C{No, ICo,Tio) for all 6 < min(i*(p), (5*), which in turn, by Theorem 
5.1, implies that s*(p) > mm{i^{p),6*). 

Proof : We shall use the frame L, L', attached to the foliation St- Recall that, 

e'a = Ca - fijJa'L, L' = L-2v?-!/'aea + 2(^^|V'|^L 

and 

T = <P(-^ - |^|')L - + i^^ea. 

We denote by A'' the vector, 

7V = _i(^L-<p-iL'). 

Observe that g(A'',T) = while g{N,N) = 1. Thus A'' is the unit normal to 
along the hypersurface St. We can now decompose L and L' as follows, 

L = ~^-\T + N), L' = -i<p(T-7V) (61) 

We shall next derive transport equations for (p and ipa along J\f~{p). We start with 
(fi and, recalling the definition of ^'^^n, we derive, 

= ^S(T.L)=g,D,T.L) = i.-W 

On the other hand, writing 

DLCa = VLBa - CaL, Ca = ^g(DaL, L). 

we have, 

VtVa = g(DLT,ea) -g(T,L)Ca 

Observe that C^^TTLe^ = g(DLT, e<j) + g(D„L, T). Therefore, since T = <p{-l - 
|^2|^|2)L- i^-iL + ^(,e6, 

= ^'^^TTLea - V~^Ca - g(DaL, - -y>"^L + tjjbeb) 
= T^-Lea - Xab^b = ^'^^'^I.e'^ " '/'V'aTrLL - Xab^Pb 

= -Xablpb - ^<y3^Va('^7rT7V + ^ ^'^^ N n) ~ ^'^~^( '"^^T^Oa' + ^'^^ N a') 

Thus the scalar Lp and the S'g-tangent vectorfield V'a satisfy the equations: 

= Ttttjv + \ (^Vjvjv), , (62) 

with initial conditions i^(0) = 1 and V'(O) = 0- In view of our main assumptions 
(5), (6) we have the obvious bounds, 

I (^Vrivl + I (^Vra'l + I ^^V^vivl + I (^V;va'| < W^K.^ 
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In view of these bounds we find by integrating equation (62), 

|^(s)-l|</Cos/l^l 
To estimate V we first rewrite equation (63) in the form, 

< \I\-'lCos'\m + IV^) + -^'(Itrx - -I + \X\M\\ 
' as ' s 

Integrating and using the bounds (60) for x and trx we obtain 

IV'(s)P </Co.s/|/|+e,si/2 

for any Q < s < 6. Therefore, for e < 10^^ the desired bounds for (p and ip 
of proposition 5.11 can be obtained in any interval [0,6] as long as 6 ■ )Co/\I\ + 
10-1^1/2 « 10-3. ■ 



5.12. Proof of Theorem 2.12. The proof of the corresponding result for the Sf 
foliation proceeds along the same lines as the one above for the geodesic foliation 
Ss- The connection between the two foliations is given by the relations 

dt _i _i 

Xa'b' = Xab, Ca' = Ca - Vi'bXab 

We leave the remaining details to the reader. 
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